Ext 2 Task 3 T2 2014

QUESTION 1 (15 Marks) Marks
(a) A solid shape has as its base an ellipse in the XY plane as shown below. Sections

taken perpendicular to the X-axis are equilateral triangles. The major and minor axes of

the ellipse are 4 metres and 2 metres respectively.

A

(1) Write down the equation of the ellipse. 1
(i1) Show that the area of the cross-section at X = K is given by 2
V3
A=—1[4-k")
2 a-10)
(iii) By using the technique of slicing, find the volume of the solid. 2
(b)

The solid shown has a base
which is a trapezium. The
parallel sides are 12cm and
8cm. The perpendicular height
is 10cm. Each slice taken
parallel to the base is a
trapezium with one of the
parallel sides 4cm shorter than
the other side. The top of the
figure (which is parallel to the 20
base) is a triangle with a height
of Scm. The height of the solid
is 20cm.

(1) Show that the perpendicular height (w) of the slice shown is given by w =% +5. )

(i) Find an expression for the volume of the slice shown in the diagram in terms of h. 2

(111) Find the volume of the solid to 1decimal place. 2
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QUESTION 1 (cont)

¢) (i) Prove that the hyperbola with equation x2 —y2=a2 s the hyperbola

1
XY = 5 a2 referred to different axes.

(i1) Find the coordinates of the vertices, foci and the equations of the directrices of XY =4

QUESTION 2 Start a NEW PAGE (15 Marks)

(a) The normal at the point P(cp , 3] on the hyperbola xy=c*, meets the x-axis at Q. M is
p

the midpoint of PQ

(i) Show that the normal at P has the equationp’x — py = c(p* - 1).

4
(i)  Show that M has the coordinates [c(?.p_}—l) i]
2p 2p

(ii1)) Hence or otherwise, find the equation of the locus of M.

(b) Using the hyperbola from part a) but where p= +1.

(1)  Write down the equation for the tangent at P.

(i1) If the tangent to the hyperbola at P meets the coordinate axes at A and B.
Show that PA=PB.

(i11)) Let the normal to the hyperbola at P meet the axes of symmetry of the hyperbola at C
and D. Show that PC=PD=PA .

(iv) Sketch a graph of the hyperbola showing the results for parts so far.

(v) Explain why ACBD is a cyclic quadrilateral and deduce that BD L BC

(vi) Describe the geometry if p =1
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QUESTION 3 Start a NEW PAGE (15 Marks) Marks

a) A solid S is formed by rotating the region bounded by the parabola y* = 4(1 - x)

and the y axis 360° about the line x = 2.
y

hY

4
Find the volume of the solid S. 4

2

1 X
(b) The region bounded by y =—, y =— and x=1 is rotated about the line x=1.
X 8

(1) Use the method of cylindrical shells to find an integral which gives the volume of the

resulting solid of revolution 3
(1)  Find the volume of this solid of revolution 2
(c) A solid of mass 2kg is attached to an inextensible string of length 15 metres, the other
end of the string being fixed. The mass rotates in a horizontal circle with an angular velocity
of # rad s°', forming a conical pendulum. (Take g =10ms )
(1) Calculate the tension in the string. 3
(1)  Determine the angle between the string and the vertical axis. !
(111))  Find the radius of the rotation. 1

(iv)  What is the effect on the motion of the particle if the mass is doubled? 1



Ext 2 Task 3 T2 2014

QUESTION 4 Start a NEW PAGE (15 Marks)

(a) A particle of mass 2kg is projected vertically upwards from a point A with velocity u
m/s. It experiences a resistive force, in Newtons, of 10% of the square of its velocity v

metres per second. The highest point reached is B directly above A. Assume g =10ms ~,
and take upwards as the positive direction

(X 2 1
. . . .- . 200
(1) Show that the acceleration of the particle as it rises is given by x = —(L)

20

(i1) Show that the distance x metres of the particle from A as it rises is given by

2 3
200 +v°
(ii1) Show that the time t seconds that the particle takes to reach a velocity of v metres per
2
second is given by t= V2 [ tan ' —— _ an ! LJ
1042 102
(iv) Now suppose we take two of the 2 kg particles described above. One of the particles
is projected upwards from A with an initial velocity 10 V2ms™ then, ﬂ seconds
5
3

later the other particle is projected upwards from A with initial velocity 20 V2 ms.
Will the second particle catch up to the first particle before the first particle reaches its
maximum height? You must explain your reasoning and show working.

(b) A particle is allowed to fall under gravity from rest in a medium which exerts a
resistance proportional to the speed (v) of the particle.

(1) Show that the particle reaches a terminal velocity T given by

T == (where K is a positive constant).
k

(i1) Show that the distance fallen to reach half its terminal velocity
T . T? T> 4
— isgivenby x=—Mh2-—.
2 g 2g

END OF EXAMINATION
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